Abstract. In this paper we will revise the mistakes in a previous paper of Zhang Xikang (Number of integral lines of polynomial systems of degree three and four, J. Nanjing Univ. Math. Biquarterly, Supplement, 1993, pp. 209-212) for the proof of the conjecture on the maximum number of invariant straight lines of cubic and quartic polynomial differential systems; and also prove the conjecture in a previous paper of the second author (Qualitative theory of polynomial differential systems, Shanghai Science-Technical Publishers, Shanghai, 1995, p. 474) for a certain special case of the n degree polynomial systems. Furthermore, we will prove that cubic and quartic differential systems have invariant straight lines along at most six and nine different directions, respectively, and also show that the maximum number of the directions can be obtained.
Introduction
In this paper we will consider polynomial systems of degree n: x = P n (x, y),ẏ = Q n (x, y), (1) where P n and Q n are polynomials of degree n. The number of invariant algebraic curves of polynomial differential systems (1) is related to its integrability as well as the existence and number of limit cycles (LC). For example, it is well-known that if a quadratic system has two invariant straight lines, it has no LC; if a quadratic system has one invariant straight line, it has at most one LC (see [3] ); Kooij [4] , [5] has investigated the relationship between invariant straight lines and integrability, and also the existence of LC for cubic systems. Darboux [6] and Jouanolou [7] obtained that for polynomial systems of degree n, and for q the number of its independent algebraic invariant straights, when q > n(n+1) 2 ( or q ≥ n(n+1) 2 + 2), the system has a first invariant straight ( or rational invariant straight). Suo and Sun [8] proved that when (1) has q = n(n+1) 2 − 1 invariant straight lines, it has no LC. Notice that the number of invariant straight lines given in [8] is O(n 2 ) when n is large. Ye [1] proposed the following:
Cubic differential systems
We consider the following cubic differential system:         ẋ = a 0 + a 10 x +a 01 y + a 20 x 2 + a 11 xy + a 02 y 2 +a 30 x 3 + a 21 x 2 y + a 12 xy 2 + a 03 y 
The line x = c is a vertical invariant straight line of (2) if and only if c and the coefficients of (2) 
If the system (2) has invariant straight lines, by rotating and moving the coordinate systems, we can change any given invariant straight line into x = 0, which is still an invariant straight line. So, without loss of generality, we always assume x = 0 is an invariant straight line. Then from (3) we have a 0 = a 01 = a 02 = a 03 = 0, (5) hence, formulas (3) and (4) can be rewritten now into (a 10 + a 20 c + a 30 c 2 )c = 0, (a 11 + a 21 c)c = 0, a 12 c = 0, (6) License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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respectively. For convenience, we distinguish the following two cases: Under condition (I), the fourth equation in (7) has at most three solutions, hence, system (2) has invariant straight lines along at most four different directions.
1. Assume (2) has three vertical invariant straight lines; then we must have (5) and (6) which is reduced to a 11 = a 12 = a 21 = 0 = a 30 . Then (7) is equivalent to
and
If for every solution k i of (9), b 21 + 2b 12 k + 3b 03 k 2 = 0, for k = k i , then corresponding to k i , equation (8) has at most one solution b i . Hence, system (2) has at most six invariant straight lines along at most four different directions; the distribution of these invariant straight lines is (3, 1, 1, 1).
If there exists a solution k 1 of (9) such that
but b 10 + (b 01 − a 10 )k = 0, b 11 + 2b 02 k = 0, and b 12 + 3b 03 k = 0 cannot be simultaneously satisfied, then (8) has at most two solutions b 1 and b 2 corresponding to k 1 . Furthermore, if there is no other solution of (9) such that (10) is satisfied, the distribution of invariant straight lines of (2) is at most (3, 2, 1, 1).
If there exists a solution k 1 of (9) such that (10) and
are simultaneously satisfied by k = k 1 , that is, k 1 is a root of multiplicity 2 of b 21 + 2b 12 k + 3b 03 k 2 = 0, then (8) has at most three solutions corresponding to k 1 , and for any other solution k i of (9), b 21 + 2b 12 k i + 3b 03 k 2 i = 0. Hence, the distribution of invariant straight lines of (2) is at most (3, 3, 1, 1), and the cubic system realizing this distribution iṡ
which has invariant straight lines: x = 0, x = −1, x = 1, y = 0, y = −1, y = 1, y = x and y = −x.
If there exist solutions k 1 and k 2 of (9) such that (10) is satisfied by k = k i (i = 1, 2), then the last equation of (11) is unsatisfied, so (2) has at most two invariant straight lines along the directions k 1 and k 2 , respectively. If (9) has a third solution k 3 , then b 21 + 2b 12 k 3 + 3b 03 k 2 3 = 0. Therefore, the distribution of invariant straight lines of (2) is at most (3, 2, 2, 1), and the cubic system realizing this distribution iṡ x = −x(x − 1)(x − 2),ẏ = y(y − 1)(−3x + 2y + 2), which has invariant straight lines: x = 0, x = 1, x = 2, y = 0, y = 1, y = x, y = x − 1 and y = 1 2 x. 2. Assume (2) has two vertical invariant straight lines, which reduces conditions (6) to (i) a 12 = 0, a 11 = 0, a 21 = 0.
(ii) a 10 = a 11 = a 12 = a 21 = 0, a 30 = 0, or a 11 = a 12 = a 21 = a 30 = 0, a 10 = 0. If condition (ii) is satisfied, similar to the above analysis, when system (2) has invariant straight lines along four directions, the distribution of invariant straight lines of (2) is at most (2, 1, 1, 1), (2, 2, 1, 1), (2, 3, 1, 1) and (2, 2, 2, 1). If condition (i) is satisfied, from (6) and (7) 
Similar to the above analysis, we can obtain that if (2) has invariant straight lines along four directions, the distribution of invariant straight lines of (2) is at most (2, 1, 1, 1), (2, 2, 1, 1), (2, 3, 1, 1), and (2, 3, 2, 1).
3. Assume (2) has a unique vertical invariant straight line. Then we will get either another direction in which system (2) has at least 2 invariant straight lines (and this case has already been considered), or we may get the case (1, 1, 1, 1) .
From the above analysis, we obtain the following Theorem 1. Under condition (I), system (2) has at most eight invariant straight lines along at most four directions. If (2) has eight invariant straight lines, its distribution is (3, 3, 1, 1) or (3, 2, 2, 1).
Under condition (II), the fourth equation of (7) does not exist. Now, for every solution b of the first equation in (7), we will consider the number of solutions k of (7), and give the maximum number of directions for (2) to have invariant straight lines. Now, (7) is equivalent to
If (14) has no solution, system (2) has no invariant straight line in any direction except vertical. Hence, we always assume (14) has at least one solution, and the coefficients of b in the first equation of (15) are not all equal to zero (otherwise, equations (14) and (15) have at most four pairs of solutions, that is, (2) has at most seven invariant straight lines along at most five different directions). If there exists a solution b of (14) such that the coefficients of k i in (15) are all equal to zero, system (2) has infinite invariant straight lines. So, we may suppose that for every solution b of (14), the coefficients of k i in (15) are not all zero.
(i) For every solution b i of (14), if
similar to the analysis under the condition (I), system (2) has at most six invariant straight lines along at most four different directions.
(ii) If there exists a solution b 1 of (14) such that
then (15) has at most two solutions k 1 and k 2 . For other solutions b i (i = 1) of (14), if (16) is satisfied, equation (15) has at most one solution k corresponding to b i . Therefore, system (2) has at most seven invariant straight lines along at most five different directions.
(iii) If there exist two solutions b 1 , b 2 of (14) such that (17) can be satisfied, equation (15) has at most two solutions corresponding to b 1 and b 2 , respectively; if (14) has a third solution b 3 , b 3 must satisfy (16). Hence, equations (14) and (15) have at most five pairs of solutions (
. Thus, system (2) will have at most eight invariant straight lines along at most six different directions (five invariant lines corresponding to the five pairs of solutions plus the three vertical ones). Putting everything together, we can prove the following: Theorem 2. Under condition (II), system (2) has invariant straight lines along at most six directions. If the maximum number of directions can be obtained, its distribution is (1, 1, 1, 1, 1, 1).
Proof. From the above discussion, the first conclusion is obvious; we now consider the second conclusion. For the system with three invariant straight lines along a certain direction and one along another, without loss of generality, we may assume it to be
which has invariant straight line y = kx + b with k and b satisfying
If the coefficients of (19) are not all equal to zero, system (18) has invariant straight lines along at most four directions. Hence, we assume: n = 0, m = 0, l = 1; then formulas (19) and (20) are equivalent to
Equation (21) has at most two solutions k (k = 0), that is, system (18) has invariant straight lines along at most four directions.
For the system with two vertical and one horizontal invariant straight lines:
which has invariant straight lines y = kx + b with k and b satisfying
Similar to the above discussion, we may assume:
When b = 0, we have
When qb + r = 0, we have
Hence, equation (24) has at most three solutions k i which are not equal to zero, that is, system (22) has invariant straight lines along at most five directions. Therefore, if (2) has invariant straight lines along six directions, it must have a unique invariant straight line along every direction. The cubic system realizing the (1, 1, 1, 1, 1, 1) distribution can be
with oblique invariant straight lines: y = ±x + 1, y = ± It seems that in a similar way we can get the case (2, 2, 2, 2), but this is impossible, because this will contradict the following property [1] of polynomial systems of degree n:
The number of intersection points of every finite nonsingular invariant line and other invariant lines is at most n.
Quartic differential systems
We now consider the following quartic systems: 
Similar to the analysis of the cubic systems, let us first assume equation (29) is not identically zero. Assume system (25) has a maximum number, i.e., four, of invariant straight lines in the vertical direction; we know from (26) that a 11 = a 12 = a 13 = a 21 = a 22 = a 31 = 0, a 40 = 0. Equation (26) Equations (28) and (29) are equivalent to
Using the same procedure as in the case n = 3, we can similarly prove that system (25) has at most nine invariant straight lines (but the computation is more complicated; due to limited space, the details are omitted), their distributions may be (4, 1, 1, 1, 1 which has no oblique line; anḋ x = (x − 2)(x − 1)(x + 1)(x + 2),ẏ = (y − 2)(y − 1)(y + 1)(y + 2), which has a unique oblique line y = x.
As for the quartic system having at most three vertical invariant straight lines, we may get either another direction in which we have 4 invariant straight lines (and this case has already been considered), or the number of invariant straight lines along the other direction (excepting vertical) is less than or equal to 3. We may have (3, 3, 3), (3, 3, 2, 1), or (3, 3, 1, 1, 1 For the systems with four vertical and three horizontal invariant straight lines, by parallel translation and stretching of coordinate systems, we may assumė
where c 1 , c 2 ,
If system (32) has oblique invariant line, it must pass through three intersection points of horizontal and vertical invariant lines. When c 1 = 1, c 2 = 2 and b 1 = 1 cannot be simultaneously satisfied, system (32) has at most nine invariant straight lines; their locus can be shown in Figure 1 , in which we have at most two oblique invariant straight lines, and they are not parallel. Otherwise, an oblique invariant line can be found on which there are five intersection points with other invariant lines. Now, we study the system (32) with c 1 = 1, c 2 = 2, and b 1 = 1. Assume y = kx + b is an invariant straight line of (32) along a direction other than vertical and horizontal. Then k, b, l, m and n must satisfy
If mb + n = 0, (33) becomes
which has no solution as is easily seen, that is, under the condition mb + n = 0, system (32) has at most seven invariant straight lines. From the equations (33) and (34), we obtain (a)
Obviously, any three conditions in (a)-(c) cannot be simultaneously satisfied. Thus, equations (33) and (34) have at most two pairs of solutions, that is, system (32) has at most 2 oblique lines. Moreover, system (32) has at most nine invariant straight lines.
Next, we may assume the system with four vertical and two horizontal invariant straight lines to be: ẋ = (x + 1)x(x − 1)(x − 2), y = y(y − 1)(lx 2 + mxy + ny 2 + px + qy + r).
If y = kx + b is an invariant straight line of (35), k and b must satisfy If
From the above equations, we obtain
and solving these equations gives
When (38) (36) and (36 ) have at most three pairs of solutions. Therefore, system (35) has at most three invariant straight lines along directions other than the vertical and horizontal ones. Moreover, the corresponding system has at most 9 invariant lines.
Finally, we may assume the system with four vertical and one horizontal invariant straight lines to be:
From the above discussion, we only need to investigate the case with one invariant straight line along every other direction excepting vertical, otherwise, system (41) can be changed into previous cases. If the coefficients of (42) are not all equal to zero, system (41) has at most eight invariant straight lines along at most five directions, hence, we may assume h = g = f = 0, d = 1. Then (43) is equivalent to
For every solution b i of (45) (which has at most two solutions), solving (46) gives
Correspondingly, aside from (45), b i must satify
If (44) has two roots k, we must have p = −1, q = 0, r = 2. If (45) and (46) have two different solutions k, it is necessary that for the solutions b i (i = 1, 2) of (45), at least two equations in (47)-(49) are simultaneously satisfied; we assume they are (47)(i = 1) and (49)(i = 2). Other cases can be similarly discussed, and so omitted. Since (45) gives nb 2 i = −2 (i = 1, 2), solving (47)(i = 1) and (49)(i = 2), we obtain l = −8, mb 1 = 7, and l = − 1 2 , mb 2 = −2, respectively, which is a contradiction. Therefore, when (44) has two roots k, equations (45) and (46) have only one solution. Similarly, we can prove that when (44) has a unique root, at most two equations in (47)-(49) can be simultaneously satisfied; if three equations in (47)-(49) are simultaneously satisfied, then other equations cannot be satisfied, and (44) has no root. Therefore, for any given set of coefficients, equations (44)- (46) have at most three different solutions k, that is, system (41) has invariant straight lines along at most five directions with one line in each direction excepting vertical. Moreover, system (41) has at most eight invariant straight lines.
As for the quartic system having at most three vertical invariant straight lines, and the number of invariant straight lines along the other direction is less than or equal to that along the vertical, it can be similarly proved that the system has at most nine invariant straight lines; the details are omitted.
As for the maximum number of directions for the invariant straight lines of quartic differential systems, we have the following: 
We may assume b 01 = 0, otherwise, the situation will be very simple. From (51)- (54), we obtain 
Polynomial differential systems of degree n
Now, for the general polynomial systems of degree n:
where
a ij , b ij are constants. Under the condition that (56) has maximum number, i.e., n, of invariant straight lines along two directions, respectively, we will prove the conjecture of [1] . As for the other cases, the computation will be more complicated. When (56) has vertical invariant straight line x = 0, if x = c is an invariant straight line of (56), the coefficients of the systems (56) and c must satisfy a 0 = a 01 = a 02 = · · · = a 0n = 0, and (a 10 + a 20 c + · · · + a n0 c n−1 )c = 0,
If (56) has n vertical invariant straight lines, we have
So, if (56) has invariant straight lines y = kx + b along other directions, k and b must satisfy
We assume (59) has a root k 1 such that (56) has n invariant straight lines along the k 1 direction, that is, when k = k 1 , the coefficients of (58) are all equal to zero, equation (57) has n roots. Therefore, k 1 satisfies the following equations: 
From (60), we know that
, k = 2, 3, · · · , n − 1. Since k 1 is a root of multiple n − 1 of the last equation in (60), corresponding to k 2 , equations (57) and (58) have at most one root, that is, except for the vertical and k 1 directions, there exists at most one direction such that (56) has at most one invariant straight line along this direction. So, when n = 2m, system (56) has at most 2n + 1 invariant straight lines. When n = 2m+ 1, if a n0 b n−2 0n < 0, equation (65) has no root and system (56) has at most 2n invariant straight lines. If a n0 = 0, equation (65) has a unique solution k 2 (= k 1 ), that is, k 1 is a root of multiple n of (59). So, system (56) has at most 2n invariant straight lines (no oblique one). If a n0 b n−2 0n > 0, equation (65) Similar to the case for n = 2m, except for the vertical and k 1 directions, there exist at most two directions such that (56) has at most one invariant straight line along each direction. Therefore, when n = 2m + 1, system (56) has at most 2n + 2 invariant straight lines.
Added in proof
We learned quite recently that 1. [9] and [10] have also given a geometrical proof of the maximum number of invariant straight lines for quartic systems.
2. [11] has got an interesting relation β(n) = α(n − 1) + 1, where α(n) and β(n) denote the maximum number and the maximum number of slopes for the invariant straight lines of an n-polynomial system, respectively. So from α(2) = 5, α(3) = 8 and α(4) = 9, we can get easily β(3) = 6, β(4) = 9 and β(5) = 10.
